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In search of local degrees of freedom in quadratic diff-invariant Lagrangians
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We show that local diff-invariant free field theories in four spacetime dimensions do not have local degrees
of freedom.
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[. INTRODUCTION expansion arouné= w=0, one cannot make sense of the
“unbroken phase” that should govern the short-distance be-
There is a clear consensus nowadays about the mobkavior; that is the essence of the unrenormalizability of quan-
promising strategies to find a consistent theory of quantuntum gravity in four dimensions.”
gravity. An important majority of the leading theoretical  Following this suggestion Deser, McCarthy, and Y&8p
physicists (and their followers consider that superstring analyzed the same problem by using a Palatini action. The
theories and their derivatives, especially M thédmpld the  advantage of their approach is that while preserving power
key to understanding general relativity in the quantum re-<counting renormalizability irD=1, ... ,4 theaction has a
gime. This does not mean that there are no other potentiallguadratic term in an expansion about zero field value. The
successful approaches to tackle this problem such as pertunain result of that paper, in the {31)-dimensional context,
bative quantum gravity, quantum field theof@FT) in  was to show that nonrenormalizability could be traced back
curved backgrounds, Euclidean quantum gravity, Regge cato the mismatch between the symmetries of the full action
culus, and lattice techniques, twistor theory, noncommutativeand those of the kinetic term. Specifically, they showed that
geometry, nonperturbative quantum gravity, and many otherthe quadratic part of the action had more independent gauge
[4]. Some of the most recent approaches, such as Ashtekasymmetries than the full action and hence one could not
nonperturbative formulation of gravit}s] and the general render the kinetic part invertible by using only the maximum
setting provided by the loop variables formalism to deal withnumber of gauge fixing conditions allowed by the symmetry
diff-invariant theoried 6] have received a lot of attention in of the full Lagrangian. The authors of that paper wonder
recent years as very promising ways to tame the deep proWhether a viable local modification of gravity which ex-
lems presented by the quantization of general relativityploits this “near miss” exists is an open question.”
There is also a clear consensus about the failure of perturba- These are several conceivable ways to advance in this
tive formulations for gravity although there have been somalirection such as looking for other actions for general
recent and interesting papers on the subj&gt it is thus  relativity—with quadratic terms that can hopefully be in-
curious to look at a series of papd&9] in the late 1980’s  verted after gauge fixing—or modify the theory to provide it
and early 1990%that give a novel understanding on this with kinetic terms with the desired properties.
issue. In Ref[8] Witten shows that 2 1 gravity has a renor- A nice way to do this would be to add a diff-invariant
malizable perturbation expansion and gives the following exguadratic kinetic term written in terms of the fields appearing
planation about the nonrenormalizability in the in the action
(3+1)-dimensional case: “It is amusing to think about (3
+1)—gimgnsional gravity from this point of view. The La- S:J elelF (), 1)
grangian is of the general form

wheree is a tetrad one form an#(w) the curvature of a
|(4)”f ellel(do+ wlw). (313  sO3,1) spin connectioh w. If this is to succeed the qua-
dratic part of the action should have, at least, two physical
If one hopes for “power-counting renormalizability,” one degrees of freedom because if it had less then the kinetic
needs to assign dimension one to bet#ndw, so that every term would have more gauge symmetry than the full action
term in Eq.(3.13 is of dimension 4(Again, this is in con- and hence by gauge fixing the symmetries present infHq.
trast to the fact that the metric and vierbein are usually conene would not get an invertible kinetic term. Also some
sidered to have dimension z¢rd\s e and w have positive matching of the symmetries &and the kinetic term should
dimension, the short-distance limit must haare w=0. The  be imposed. With this philosophy in mind one is naturally
problem is now that as E¢3.13 has no quadratic term in an led to pose the following question: Can a diff-invariant qua-
dratic Lagrangian have local degrees of freedom in four di-
mensions? The purpose of this paper is to answer this ques-

!See Ref[1] for a down-to-earth presentation on the subject or
Refs.[2, 3] and references therein for a more complete treatment.

20ne of us(J.F.B.G) is grateful to Abhay Ashtekar for drawing  Notice that this is something conceptually similar to the introduc-
his attention to these papers. tion of higher derivative terms but in the opposite direction.
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tion. We want to stress that we are taking the point of viewdimensional compact, orientable manifold without boundary.

of Witten in Ref.[8] that with fields of dimension+1, the = We make a distinction between two types of fields; type 1

perturbative expansions should be performed about a zeffelds are those on which the derivative operator é&either

field background. We will not consider expansions aboutdirectly or after integration by paptstype 2 fields are not

nontrivial backgrounds. acted upon by the exterior differential operator but couple to
The paper is organized as follows. After this introductiontype 1 fields. The dynamicdteal) fields that will appear in

we devote Sec. Il to the construction of the most generathe first part of the action that we introduce below are

local quadratic diff-invariant action in four dimensiofisn-

der some mild restrictionsThe field equations derived from 121212 1 2

this action are linear and can be completely solved, this is the 0, 0,AA B B,C,C, andD.

purpose of Sec. lll where we do this in a systematic way.

The solutions depend on a series of arbitrary elements of tw@he ¢ fields are 0 formsA fields are 1 formsB fields are 2

different types: some of them correspond to the gauge synforms, C fields are 3 forms, an® is a 4 form; they may

metries present in the action whereas some others label noparry internal indices, so we use the convention of taking

gauge-equivalent solutions. In order to disentangle their rolghem as column vectors and use the transptsa we de-

one must use the symplectic structure, this is done in Seaqote with a dagger even though we are dealing with real

IV. It is very important to realize that without the use of the fields whenever necessarf);;, Qi, Qo, 041, 045,

symplectic two form it is not possible to tell which of the ©,,, ©,,, ,, ,, andI" are constant matrice®oupling

arbitrary parameters are gauge and which are not. Once th@nstantswith number of rows and columns—that we do not

symplectic structure is obtained the identification of theneed to specify—determined by the range of the internal in-

physical degrees of freedom and gauge symmetries idices of the fields that they couple. Let us consider, then the

straightforward. We discuss this and give some examples ifollowing action:

Sec. V. We end the paper with several comments and our

conclusiongSec. V). Some details of the computations are 11 q1 101 2 12 2
left to the Appendixes. S= f dATOB+ > B'00Q,,B+B'0Q,B+ > B'0O,,B
M
ll. THE ACTION 1 1 1 101 2 2 1
: . : +de'OC+AT +AT +AT

As we have already stated in the Introduction, the main de HC+ATBCHATOLHATONC
goal of this paper is to search for local degrees of freedom in 2 2 1 2
quadratic diff-invariant actions, so our first task will be to  +A'00,,C+¢'S;D+¢'S,D+T''D +j TS,
write the most general action of this type under some restric- M
tions. In particular we will demand the following. 2

(i) Absence of background structures: All the fields ap-
pearing in the action must be treated as dynamical. Notice that we do not need to include additional coupling

(ii) Locality: The action must be local in the fields used to matrices in the derivative terms because they can be written
define it. This is arguably the most stringent condition thatas jn Eq.(2) by a linear redefinition and the convention that

we impose. o fields that do no couple to derivative terms are classified as
(i) The action must be, at most, quadratic in all theyype 2. Specifically, if ¥ e Myxn(R) and we have
fields. dATOWB, we can introduce bases fét" and RM as Bg

The previous assumptions strongly constrain the possible.(,, . 5, 5 oy b Ba={Wy,... W, Apyo. Ayrhs
form of the action. By combining the absence of baCkgrountherer=rank(\If), Wp,=0 for k=1,... N—r, =0
structures with its quadratic character we arrive at the congy j=1,..M—r and thev's andw's are chosen S(’) tha,
clusion that the only derivative operator that can possibleand BB,are actually bases for the corresponding vector
appear is the exterior derivative acting on differential forms'spaces. We have now
Covariant derivatives of other types of tensor fields cannot
be used as they would involve quadratic terms that would
force them to appear as total divergences in the aétieor.
the same reason derivatives can only act on differential T .
forms (no other types of tensors can appedurely qua- WhereBaVBg has the following block form
dratic terms involving no derivatives can also be introduced;
in particular, pairs of tensor fields with matching covariant
and contravariant indices and total density weigit Let us
consider M, a four-dimensional, orientable differentiable

manifold with the topology ofR X3 whereX is a three- [W;\pvb]eerr(R) and is regular so that by independent
linear redefinitions inA and B it can be taken to be the

identity. By using the convention that fields that do not

“We discard them by working with manifolds without boundary; couple to derivatives are “type 2” we see that the derivative
we discuss the introduction of boundaries in Appendix A. terms can be taken as in E®) with all generality and in

dATOWB=dAT(B,) ' BLY BB 'B, 3

[wiPv,] 0

o o @
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1 1

particular, that the number of internal componentg\iand P.dC-3D=0 (9)
1

B can be taken to be the sarhe. plus the equations derived from tie-S -+ terms. We have

The last term in the actio(®) is built out of fields that do | seq the following compact notation:
not couple either directly nor indirectly with the type 1, 2

fields. These fields can be any pair of tensor densities with Q.. Q O, O
) - ¢ e 11 Q1 11 Op 3

matching(covariant and contravariartangent space indices QE|: s } E[ } 25[ }
and any kind of internal indice@svith the corresponding cou- Q12 Qz 021 Oz 22
pling matrice$. As we will show in due time these terms can
be treated separately and it is straightforward to see that they 1 1 1 1
do not describe neither local nor topological degrees of free- | ¢l Azl g=|B C= C
dom. =l 2| 2| 2|

Our purpose now is to study the dynamical content of the @ A B C

action introduced above, specifically we want to describe its

physical degrees of freedom and gauge symmetries. Apos- 1 1 1 1

sible line of attack to this problem would be to use Hamil-andP,, P, Pg, Pc are projectors on the 1 part of A, B,
tonian methodgDirac analysis of constraints and so)on C

This can be done in principle but is very messy in practice.

The reason is that the process of finding secondary con-| 1|1 AN i, i,
straints is complicated by the fact that they damd do el ¢ AlA A B|°® Bl |C c c
appear as consistency conditions in the equations that deter-| 2 ~ (g |2 |7 0 ’ 2 |7 0 o |7 0 '
mine the Lagrange multipliers introduced in Dirac’s method. | ¢ A B C

As we impose no regularity conditions on the coupling ma-

trices the process gets quite involved. respectively. The previous equations can be solved in suc-
Fortunately there are other methods available that are speessive steps starting from E@).

cifically suited for the case we are considering here, these are The solution to Eq(5) is

the covariant methods considered by Witten and Crnkovic

[10]. In essence they consist on working directly on the so- e(X)=A2e(x)—31 T, (10)

lution space to the field equations and build, from the action,

the symplectic structure on this space. If one has a completehere Q\E)*z:o ando labels a linearly independent set of

characterization of the solutions depending on arbitrary paleft zero eigenvectors oE, —ET_lfT denotes a particular

rametergthat may be fieldsone can compute the restriction solution to the equatior®'¢=—T", ¢“(x) are—at this

of the symplectic form to the solution subspace, the gaugetage—arbitrary functions, and finalli, must be subject to

directions(degenerate directions of the symplectic form onthe consistency Conditioﬁpgzo (Wherengzo ands la-

the solutiong and identify the physical degrees of freedom. pels a linearly independent set of right zero eigenvectors of
This is usually difficult to achieve for interacting ).

Lagrangians but can be easily done for the ac{®n Plugging Eq.(10) into Eq. (6) we get
ll. SOLVING THE FIELD EQUATION !
SOLVING QUATIONS P AEde(x)+ OTA(X) =0, (11)
The field equations derived from E@) can be written in
compact form as Equation(11) gives the consistency condition
STe+I1=0, (5 ot
[(p) TP AGIde”(X) =M, de?(x)=0 (12
1 . (where pg’:O and c labels right zero eigenvectgrand
P,de+O'A=0, ®)  allows us to solve forA(x) from Eq. (11) when Eq.(12)
holds
1
PAdA+QB=0, 7 1 i
A AX)=—[0T P AZ]de () +A9AYX). (13
1 In analogy with the previous steps the first term of the right
PgdB+6C=0, @ hand side of Eq(13) is just a particular solution to Eq11)
and\§ satisfy ()@ =0. A’(x) are, at the moment, arbi-
trary one forms. EquatiofiL3) will be used in the next step
5A similar argument applies t€ and ¢. of process of solving the equations. To complete this step we
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In the previous examples the only matrices needed\dgg,
N, and their transposes as a consequence of the fact that

need to solve Eq(12). The dimensions of the matrit1,,
are determined by the dimensions of g@rand kerX. To
solve Eq.(12) we expand

1 1
Meo=(pD) TP A=A TPcpd =M,

¢7(X)=P(X)[ ppr] 7+ 0 () [v]%, (14)
(23)
where[p;,‘;‘]”, Po=1,...,dimkeg M are a complete set of Nwez(pﬁ)TéAXg):()\?)Téspﬁ=/\@W-

right zero eigenvectors labeled Ipy; here o explicitly la-
bels the rows of each of these vectors. '[hég]ff are vec- We have used the notation explained in Appendix C. Here

tors in the orthogonal complement of ket labeled byg,. ~ We Just discr:]usshthe glenera! features of ngsg‘(ﬁz)' First .
Toaether witho™ thev form a basis oR4M ket 3 we notice that the solution is parametrized by three types o
g P MNEY objects: constant parametef'o, 91't, g92'2, 5%'s that

' Introducing Eq{(14) in Eq.(12) we are left with the equa- multiply elements of the bases of cohomology groups

tion HO(M),....H3(M) and two sets of differential forms

¢™(x), APL(x), BP(x), CP(x), D(x) and wg¥(x),

_m(l‘_Z(x), w3(x) [or rathe_rdmgl(x), dw%(x), dqg3(x)]. It

by {vg} is nonsingular the previous equation implies gard neitherAP1(x), BP2(x), CP3(x), DS(x) nor wgX(x),

de%(x)=0 and hence w,2(x), and w_3(x) without knowing that they are gauge
parameters; a fact that wenore at this stage.

Me,[v]7dg%(x) =0, (15

%(x) = quio(piO(X), (16)
_ IV. THE SYMPLECTIC STRUCTURE
where fdo'o are real

arbitrary numbers;

dim HO(M) — 140 de Rh homol Given a quadratic action the problem of finding out its
{eigtiymr " CHY(M) (zero de Rham cohomology group ya.ge symmetries is intimately connected with that of solv-
of M; see Appendix B for a brief introduction to the de ing the Euler-Lagrange equations. If we formally write a
Rham cohomologyform a basis; that i, goes from 1 to the  quadratic action for a set of fields'}; .

number of connected components bi. Wrapping up the

previous results we conclude that

5[¢]:f PA; P, (29)

e(x)={f000; () + P[Py 17N, (A7) o o
and A a field independent symmetric linear operator, the

We also have a partial solution #(x) given by Eq.(13)  Vvariation ofSwhen we change)' by ¢'+ 6¢' is given by

that we need in order to continue with the resolution procesdN€ €xact expression

We leave the details for Appendix C; here we just give the

final result 55:J [5¢iAij¢j+¢iAi15¢j+6¢iAij5¢j], (25)
_ [£oi Moy E_st pt

(%) ={f %100 (X) + Po(X)[pp 1IN g =22, (18 erens the Euler-Lagrange equations/Arey!=0. If x' is

such thatA;; x'=0 and we consideany field configuration

¢' the action is invariant under the transformatigh— ¢'

+x' as can be seen from E5). Of course, in nongauge

invariant theories, this is just the linear superposition prin-

ciple. A gauge symmetry would manifest itself in a similar

way but now it should be thought of as an arbitrariness in a

set of solutions corresponding, loosely speaking, to the same

1
A= {01 PN pp17dePo(x) +{AP () [ pjy 17

+ (@A (X) + dwg()) vy 17N (19)

1
B(X) = _{QilPA)\g)}[p'S{L] 0dAP1(x) +{Bp2(x)[)\/l;g]w

+(B%28,,(X) + dw ) vy 1" ey, (20

1
C(X) = —{O_1Pepi A 1"dBP2(x) + {CP3(x) [N p!]°

+ (Y%913C; (%) + dw 32 () vy 1% e (2D
1
D(X\)={Z _1Pcpy A pi]°dCP3(x) +D(x)p; . (22)

initial conditions® The question is then: How do we dis-
criminate between both situations?

One could be tempted to think that if we happen to have a
complete parametrization of the solutions to the field equa-
tions, depending on a certain set of parametivat can ac-
tually be functions and should, at least, describe all the pos-
sible initial condition$ it is straightforward to tell gauge
parameters apart from the other quantities needed to specify

50One should take into account the possibility of using different
initial data hypersurfaces.
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a solution. It is very important to understand that it is not therametrized by all thex-dependent fields Second, even
case. If we are given a subset of a space field configuratiorthough one would naively expect that the only parameters
parametrized by certain functions there is no way to decideappearing in Eq(27) are those corresponding to the “topo-
in a uniquely consistent manner, which of them are gaugéogical sectors” the fact thax-dependent fields do not ap-
parameters and which ones parametrize inequivalent compear in Eq.(27) depends on nontrivial cancellations between
figurations. In order to do that an extra element is needed: &rms coming from the first wedge product in Eg6) and
suitably defined symplectic form in the space of fields.terms coming from the secon@ee Appendix D Third,
Though it is more frequent to find the symplectic structure infrom the Kinneth formula and the fact that the cohomology
the Hamiltonian formulation there are covariant methodsgroups ofRR areH(R)=R andH*(R)=0 we conclude that
[10] that allow us to work directly with field configurations. HS(M)=HS(X), in particular notice that this is the reason
The necessity of a symplectic form is clear in the Hamil-why H*(\M) does not appear. Finally, each of the two terms
tonian framework. Given a phase space and certain submariin Eq. (27) has a coefficienta matrix in the pairs of indices
fold of it (let us suppose that the Hamiltonian is 2evee  labelingf, «, 8, y) that could, in principle, be degenerate. A
need the symplectic forme to define what we understand as fact that would imply the presence of additional gauge trans-
gauge orbits and gauge transformatigihés is done by look-  formations involving now the topological sectors. This, how-
ing at degenerate directions @fon the constraint hypersur- ever, is not the case. On one hand both integrals
face. The situation is analogous in the covariant setting.

In sight of Eqs.(18)—(22) one is tempted to conclude that
the action(2) just describes the topological degrees of free- L@iocisi LAil/\Biz (28
dom labeled byf%'o, o91'1, B92'2 93'3 |n simple examples it
is possible, in practice, to directly write down a set of inde- . . .
pendent gauge transformations and, actually guess, € nonsingular square matricezee Appendix B On the
physical degrees of freedom. This is not that easy here and%{her both
different method must be used. In our case, and following N +
[10], the symplectic structure is given by [va\g]”/\/ljrc[va\: 1%, [vﬁi] BNEW[UQQ 1" (29

1 1 1

1 are easily proved to be square nonsingular matrices so that
wzf sz [ATTHB + de'THC]. 26) y P d g
s s

we finally conclude that Eq27) contains no degenerate di-
rections. Taking appropriate bases in the cohomology groups

In the previous expressionsand O denote the exterior dif- It IS straightforward to write Eq(27) in canonical form.

ferential and product in the field spac®ordinatizedby At this point it is a simple matter to deal with the addi-

o(x), A(X), B(x), C(x), andD(x). The exterior product in tional T---S - terms in the original action. As they do not

M is implicitly understood in Eq(26). In order to perform involve derivatives they do not appear in the symplectic

the three dimensional integral appearing in EX) one must  structure(and its restriction to the solution subsppaeéich

specify the three manifol@. That the result is independent means that all the degrees of freedom described by them are

of X is a consequence of the fact tlthi=0 on solutions to  pure gauge.

the field equationghered is the exterior differential oo\1).

This can be_checked in a straightforward way by a(_:ting] on V. DEGREES OF FREEDOM AND GAUGE

v_v|th d; keeping track of Fhe for_m orqer both M and in t.he TRANSEORMATIONS

field space(to get the minus signs righaind using the field

equationg5)—(9) after explicitly splitting them in type 1 and We summarize our previous results from the last sections.

type 2 fields. As we have just seen the only physical degrees of freedom
Once we have» we must compute it on the solutions to described by Eq(2) are purely topological and described by

the fields equations given by Eq4.8)—(22), as a previous pairs of variables f{0'0,y93's) and («%1'1, g%2'2). The gauge

step to finding the degenerate directions. This way we get symmetries of the actio(®) are

. . — p Moy %
w|so.=[v£§1w2c[v£§*1°( L¢iocia)dfq°'°my%'a 2o )= 06700 Py "N 30
1
+[v}] 0NLW[UQ2T]W< LAilﬂBiz) da%i1[}18%I2, SAX)=—{O" 1P A} p)1]17dS¢Po(x)
27 +{8AP (X[ pp. 17+ dSw () [vy 1ING |

Several points are now in order. First of all the fact that the
only parameters that appear @, are f'o, o%'1, g%'2,

and y%'s show that the theory has no local degrees of free-
dom (w|so acting on tangent vectors to the solution manifold
is zero whenever these vectors “point in the directions” pa-

1
8B(x)=—{Q";PANGH pp. 17d 5AP1(x)

+{8BP2() [N ]+ dSw (0 [v): 1"}
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1 1 1
5C(x)=— {0 _;Pgpli[ A 1"d5BP2(x) with 0=(95), PAo=(9, Pe=(9. p?=[0], Mc,=0,
Nip=0, so thawV=vM=0, p}'=[}] andp)'=[9], and, as

+{5Cp3(x)[)\£:]c+dﬁmg?’(x)[vé\:]c}p?, before, the theory has zero degrees of freedom. The gauge

transformations are

l — —
8D (X)={X _1Pcp}Aji1°dSCP3(x) + SD(X)p5 OAL(X) = 8x1(X),  OA(X) = Ox2(X), 6
where the gauge parameters are the O forms 0B1(x)=—ddx2(x),  8Ba(x)=—d5xa(X).

3¢P(x), 8w} (X), the one formsIAPL(x), 5w *(X), the WO Ngtice how the switch in the roles @iy 1(x) and Sxy,(x) in
forms 8BP2(x), 5w 3¥(x), the three formsSCP3(x), and the  the gauge transformations for tBa(x),B,(x) fields is cor-
four forms 8D5(x). Though,a posteriorj the structure of rectly described by the general form of the gauge transfor-
these transformations is quite simple it is not straightforwardmations given bysB(x) in Eq. (28).

to guess the complicated matrix coefficients appearing in the

previous expressions. VI. CONCLUSIONS AND COMMENTS
We consider now some examples of these types of theo-
ries that have been studied in the literat[té,12. In them At this point, and after realizing that the final phase space

some of the field$e andC) do not appear. This fact is taken is that of a set of uncoupleBF and C¢ theories, the atten-
into account in Eq(30) by puttingP,=P=0 and realizing tive reader may wonder if it would not be easier to simplify
that 8¢ and 5C are then arbitrary and do not affect batA  the action from the start by solving for the purely algebraic

and 6B. field equations and substituting the solution back in the ac-
Example 1 Abelian BF model with no internal indices. tion in order to eliminate, for example, the type 2 fields and
Here work with a simple set oBF and C¢ theories. Though, in

actual examples, this may be a useful strategy there is a
catch. The algebraic field equations usually allow to solve
S= JMdA/\B’ 31 only for combinations of type 1 and type 2 fields so that, in
the end, one may not find a much simpler action. That this is
so that 0=0, and the other fields do not appear. In so is actually proyed by the rather tangled nature of the
this case M. =0 No=1: vN=1 v¥ =1 then ol gauge transformation¢30) and specially by the awkward
Com 1 LT oW ’ T 39 matrices that appear in the solution. A different manifesta-
=(/3Ai0B; )da1ip2 and the theory has difi*(X) o of the same problem appears if one tries to work within
=dimH*(X) degrees of freedom. the Hamiltonian framework.
The gauge transformations are The type of theory described by the action considered
above may be taken as the building block of more compli-
OA(X)=ddwy(x), OB(X)=dow(X). (32)  cated topological and nontopological actions obtained from
Eq. (2) by adding higher power terms to it. Their symmetries
Example 2 must be understood, among other things, in order to treat
L them perturbativelysee, for example, Refl13], and refer-
_ ences therein This is an additional reason to work with an
S= JM[OIA/\B EB/\B}’ 33 action of the general form introduced above, because it is not
clear that a nonlinear extension of it can be equally obtained
so that O=-1, M.,=0, Np,=0; vV=vM=0. This from a simplified action.
means that, on solutions, <=0 so that all the points inthe It is straightforward to extend the previous analysis to
solution subspace are in the same gauge orbit and hence tAERitrary dimensions and arrive at the conclusion that local
theory has zero degrees of freedom. The gauge transform@iff-invariant quadratic Lagrangians in arbitrary space-time

tions are dimensions do not have local degrees of freedom. This
means that in order to describe local degrees of freedom with

SA(X)=8x(X), SB(X)=ddx(X). (34) local diff-invariant Lagrangians they must be taken to be, at

least, cubic in the fields. This happens, for example, if the

Example 3. background metric used to write down ordinary free actions

is taken as a dynamical object.
It cannot be overemphasized that without the use of the
Szj [dA;/AB;+dA,/AB,+B;/AB,], (350  symplectic structure there is no way of telling which one of
M the parameters and functions appearing in the general solu-
tion to the field equations are gauge and which ones label
genuine degrees of freedom. We feel that the conclusion that
"This example appears as the quadratic term in the formulation ofi0 local degrees of freedom survive is not obvieugriori.
the Husain-Kuchamodel as a coupleBF system[12]. An important consequence of this result is that there are no
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diff-invariant “lower derivative” modifications of the action 12 12 12
(1) that can be treated perturbatively. Notice, however, thatvhere¢, ¢ are 0 formsa, a are 1 formsh, b are 2 forms,
our result says nothing against the existence of a similaandc is a 3 form. One can think of the terms $) as having
possibility in Palatini-like actions where quadratic and cubictwo different origins; some of them come from the restriction
terms are not separately diff-invariant. of the four-dimensional fields t@M whereas others are
Another interesting consequence of the previous analysigenuine three-dimensional fields. If one adopts this point of
is related to the meaning of the particle concept in diff-view the field equations are obtained by varying first in the
invariant theories. In ordinary quantum field theories in afour-dimensional fields with variations restricted to be zero
Minkowskian background the study of particle states is donen the boundary and then varying the three-dimensional
by first choosing a quadratitfree” ) Lagrangian, finding its  fields. Another possible, and equivalent, point of view would
normal mode expansion and labeling the resulting “elemenbe to consider that a part &, provides the surface terms
tary excitations” with momentum and spin indicesoming  needed to cancel the surface terms appearing when we vary
from the Casimir operators of the space-time symmetrythe four-dimensional fields and integrate by parts whereas
group 1SQ@1,3)]. If one has a quadratic theory with local the rest ofS, consists of the genuine three-dimensional ob-
degrees of freedom in a non Minkowskian backgrodasl jects. In either case we are entitled to treat four-dimensional
one does in QFT’s in curved backgroundse still has the and three-dimensional fields independently, so that in order
normal mode decomposition but lacks the Poincgn@me-  to prove that no local degrees of freedom appear when
try. In this case, though the particle interpretation is subtleboundaries are present it suffices to show that the atfith
(coordinate dependence, Unruh effect and sotioere is still  (defined on the boundary oM,dM=RXd3, with 9°3
one available. What we have found here is that in the ab=( as a consequence of the identif=0 for the compact
sence of a background there is no possible particle interprawo-manifold #%) describes no local degrees of freedom.
tation. This result lends support to some approaches to deathis is done by following exactly the same steps presented in
ing with diff-invariant QFT’s such as the loop variables the main body of the paper for the four-dimensional case so
approach to quantum gravity championed by Ashtekar, Rovwe do not give the details here.
elli, Smolin, and other$5,6], and in particular helps under-
stand why the elementary excitatiofspin network-states
and so opare so different from the usual Fock-space particle
states. It may also be worthwhile to point out that string  For the benefit of the physics-oriented reader we summa-
theory and its multiple derivatives require the presence of @ize here the main results about differential forms and the de
nondynamical background. Rham cohomological groups. A manifollt without (with)
Finally one may wonder how it would be possible to es-poundary of dimensiom is a locally m-Euclidean(semim-
cape the negative conclusions of this paper. If one is willingeuclidean topological space. Smooth manifolds are those
to keep diffeomorphism invariance and the quadratic charaghat are locally Euclidean in a smooth way.
ter of the Lagrangian one would be forced to abandon local-  All smooth manifolds(with or without boundary admit
ity. If a nonlocal, diff-invariant quadratic action describing smooth tensor fields. In particular, the completely antisym-
propagating degrees of freedom exists is an open problemetric r-covariant tensor fields are known aslifferential

APPENDIX B: de RHAM COHOMOLOGY GROUPS

that may be worth thinking about. forms. Forms can be differentiated by means of the exterior
differential operatord, that mapsr forms in (r+1) forms.
ACKNOWLEDGMENTS The d operator has the properiy?=0, that allows us to
The authors of the paper wish to thank V. Husain, C.define the cohomology groups owt. A r form w on M is
Rovelli, C. Torre, and M. Varadarajan, for comments. closed ifdw=0 and is exact ifv=dv for some ¢ —1)-form
v on M. Exact forms are all closed becaudé=0. The
APPENDIX A: INCLUSION OF BOUNDARIES converse is not true as one can see if one defines an equiva-

lence relation on the vector space of clogefbrms: two
The result presented in the paper that quadratic, local diffy|oged formsw, and w, are called cohomologous i,
invariant theories, have no local degrees of freedom has bee*.nw2 is exact. The set of equivalence classes is denoted by
derived in the case of working with manifolds without a H"(M), the rth de Rham cohomology group of1. Al-
boundc_':lry. The attentive reader may wonder if the re;ul_t St”{hough the cohomology groups are defined in terms of the
holds in the presence of boundaries. The answer is in thganifold structure of\1, they are topological invariants; that
affirmative as justified in what follows. M has boundaries s two topologically equivalent manifolds have the same de
the action(2) can be generalized by adding the most generaRnam groups. For compact manifolds they are finite dimen-

diff-invariant action on its boundaryM sional real vector spaces. Another property that we use in the
1 1 1 11 P ) paper is the fact that for compact manifold$ can be iden-
S,= f [da'Aa+deTAb+alAgyb+alAdyb tified with H™™"), this is known as Poincaruality and is a
oM consequence of the fact that integrals of the type given by

Eq. (28) define a nonsingular bilinear form iH" x H(™~")
Z’r 1 2T 2 1T 2T : [15].
tal\oub+alNoypb+¢loict dloctyicl, Directly from the most general version of the Poincare
(A1) Lema(14], that states thaH"(RX M)=H"(M), or indi-
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rectly, by means of the Kaneth formulg 15] that relates the
cohomology groups ofM=M;X M, with the M, M,
ones according to

HY(M)=&p1q- [HP (M) @HI(M))],

one can proveH'(RXX)=H"(X), an assertion that we use
in Sec. IV.

APPENDIX C: SOLVING THE FIELD EQUATIONS

PHYSICAL REVIEW D61 104014

and

1
C(x)=—{0_,PgpdB¥(x)+ C(x)p? (C9

the first term in Eq(C9) being a particular solution to Eq.
(C7) and®p?=0. Expanding
B"(x)=BP2(x)[\y 1"+B%2()[v) Y (C10

in complete analogy with the previous steps, we obtain the

We continue here with the resolution of the field equa-equationdB%(x)=0

tions started in Sec. IlIl. Introducing E¢L3) in Eq. (7) we
get

1
[PAAO1dAY(x)+QB(x)=0 (C1)

which gives, as in the previous step, a consistency conditio

and a solution foB. The consistency condition is

1
{(po) TPANGHAAY(X) =N, dA%(x)=0  (C2)

(whererﬁzo andw labels these right zero eigenvectors
and we get foB(x)

1
B(x)=—{Q_;PAATIdAX)+B"(x)plt.  (C3)

The first term in the previous expression is a particular solu-

tion to Eq.(C1). Expanding

A0 =AP () pp 17+ AR [vg]?  (CA)
with [p{)‘g]",plzl, ..., dim kegN a complete generating

set of right zero-eigenvectors labeled py (@ labels the
rows of each of these vectgrand [va\g](’ a basis in the

complement of kergN. As before we have to solve the
equation

dA%1(x)=0 (CH

which gives

A%(x) = a%1A; (X) +dwg(x). (Ce)

Notice that eacth\%(x) is a closed one forrfian element of
ZY(M)] that we write as an element iHY(M) plus an
arbitrary exact one-forrdmgl(x) (Wherewg1 are 0 forms.
The A; (x) are a basis of elements i(M). PluggingA
back in Eq.(13) gives Eq.(19).

In the next step we introduce EGC3) in Eq. (8) to get

1
[Pgpy]dB"(x)+OC(x)=0. (oy)

The consistence condition derived from EQ7) is

1
{(\§) Pgpy}dB () =N}, dB"(x)=0  (C8

BY2(x) = B92'2B; (x) + dw*(x), (C1y

where{B; } is a basis ofH*(M) and w}? are one forms.

Introducing Eq(C11) back in Eq.(C3) we finally obtain Eq.
{120). In the following step we introduce EQC9) in Eq. (9)
and obtain

1
[Pcp]dCe(x)—3D(x)=0

(C12
which gives the consistency condition
1
{(\5)Pcpc}dCo(x) =0 (c13
and
1
D(x)={3_;Pcp}dC(x)+D%(x)p>.  (C14

1
As in previous casesg_lpcp?}d C¢(x)is a particular solu-
tion to Eq.(C12 (as an equation ilD). Expanding now

Co(x)=CPONIo+ CB(x)[vaf 1© (C19
we need to solvelC93(x)=0 and hence
C(x) = y%'3C; (x) + dw3¥(X) (C16

where theC; (x) spans a basis iR3(M) and mg3 are two

forms. Equatior(C16) allows us to obtain Eq21) from Eq.
(C9 and Eq.(22) from Eq.(C14).

APPENDIX D: THE SYMPLECTIC STRUCTURE
ON SOLUTIONS

In order to appreciate the nontriviality of the cancellations
leading to the final symplectic structut@7) we separately
compute

1 1
Ldl@*[kl(::[vé‘g]”MT,c[qu:T]°< L¢ioci3)dfqdom{uy%is

1 1
—{(\5)PcO® 1Pepilpal1” L«hp%mddsw

(D1)

104014-8



IN SEARCH OF LOCAL DEGREES OF FREEDOM IN . .. PHYSICAL REVIEW 61 104014

with BY(x) given by Eqgs.(C10 and (C11). Notice that, in general, the last term in the right hand side of the previous
expression is not necessarily zero.

1 1 1 1
L(HATD(JIB:[UQZ 1N hulvg, T]W( LAilmai2 da®'111B%22+{(\7) PO _;Pepy}[py]” L‘(kpqODd{ﬂBW (D2)

after manipulating the matrices appearing in the last term of B8).. In the process of obtaining Eqd1) and(D2) several
terms directly cancel by any of these reasdhsappearance OMp,/)\g : (i) d®=0; (iii) Integration by part§remember that we
take 9% =(J); (iv) de; =0.

Finally, adding up Eqs(D1) and(D2) gives(27).
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